
�����

w1 = (9·x ·x ·x ·x−y4)+2·y ·y,

w2 = (3·x ·x−y ·y) · (3·x ·x+y ·y)+2·y ·y,

w3 = 9x4+(2·y ·y−y ·y ·y ·y),

w4 = (9x4+2·y ·y)−y4.

�



�����

w1 = −9.990137·1012,

w2 = 9.863382·109,

w3 = 0.000000,

w4 = −1.000000·1013.

�



�����

w1 = −9.366178·108,

w2 = 1.000000·100,

w3 = 1.800000·109,

w4 = 8.000000·108.

�



�����

7−stellig 12−stellig
w1 = 2.161918·1020 2.161918·1020,
w2 = 2.161917·1020 2.161918·1020,
w3 = 2.161918·1020 2.161918·1020,
w4 = 2.161918·1020 2.161918·1020.

�



�����

x1 + 1
2x2 + 1

3x3 + 1
4x4 = 1

1
2x1 + 1

3x2 + 1
4x3 + 1

5x4 = 1

1
3x1 + 1

4x2 + 1
5x3 + 1

6x4 = 1

1
4x1 + 1

5x2 + 1
6x3 + 1

7x4 = 1

�



����
�

4−stellig 5−stellig 6−stellig 8−stellig
x1 = −5.8999 −4.1814 −4.0262 −4.0003
x2 = 80.5437 61.9951 60.2963 60.0033
x3 = −228.5033 −184.7562 −180.7181 −180.0080
x4 = 171.1528 143.0748 140.4694 140.0052

�



�����

n In (7−stellig) In (16−stellig)
0 1.71828 1.71828
2 0.43656 0.43656
4 0.23877 0.23876
6 0.16304 0.16292
8 0.13024 0.12332

10 0.72160 0.09911
12 82.2512 0.08281
14 14954.72 0.07110
16 0.06506
18 0.90685
20 323.60412
20 149482.10144

�



�����

n In (7−stellig) In (16−stellig)
0 1.71828 1.71828
2 0.43656 0.43656
4 0.23876 0.23876
6 0.16290 0.16290
8 0.12222 0.12222

10 0.0 0.0

�



����
�

� � m1 m2 m3 m4 m5 m6

� � � � � � 	 
 � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � �

�



���
��

�

� � m1 m2 m3 m4 m5 m6

� � � � � � 	 
 � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � �

m7 m8 m9 m10 m11 m12 m13 m14

� � � � � � � � � 	 � 
 � � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � � � � � � � � � � � 	 � 
 � � � � � � � � � � � �

�
�



� ����

� ��� ���� ��	 
� ��� �
�

�� �	 �� �� ������� � � �������
� 


����� �� �� �

f(x) |C(f)| = |f ′(x)| |c(f)| =
∣

∣

∣

x·f ′(x)
f(x)

∣

∣

∣

xα(α ∈ R+) α|x|α−1 α

√
x 1

2
√

x
1
2

x−1 1
x2 1

lnx 1
|x|

1
| lnx|

ex ex |x|

sinx |cosx| |xcotx|

cosx |sinx| |x tanx|

tanx 1
cos2x

∣

∣

2x
sin2x

∣

∣

��



� ����

���� � �� ��� � 	� 
 ��
��� �� 
�����
��
��� �����

Input � � ���	
��� ��
 x0, . . . ,xn �
Output � � ��� 	��
��
 ��� ����	 �
���
 �� �
 � ��
��� ��
����

i = 0  � n !�
t = 1" s = xi���

k = 0  � i−1 !�
t := t · (s−xk)#$!���

���
k = i+1  � n !�

t := t · (s−xk)#$!���
ai = 1/t#$!���

��



� ����

���� 
�� ��� �� ���� 
� �� � ��
��� �� 
����� 

��
��� �����

Input � � ��� �� x� � ���	� �
� �� (x0,f0), . . . ,(xn,fn) �
�
� ��� 	��
��
 a0, . . . ,an ��� ����	 �
���
 �� �
 � ��
��� ��
�
Output � �
���� ������

� ��� �
 ��� � ��� �� x �

b0 =
a0

x−x0
" s1 = b0 ·f0" s2 = b0

���
i = 1  � n !�

bi =
ai

x−xi
" s1 = s1+ bi ·fi " s2 = s2+ bi

#$!���

P =
s1

s2

��



� ����

��� ������ ��� 
�� ����

Input � � ��� �� x̄ �
� � ���	� �
� �� (x0,f0), . . . ,(xn,fn)
Output � �
���� ������

� ��� �
 ��� � ��� �� x̄���

i = 1  � n !�
Pi0 = fi���

k = 1  � i !�

Pik =
(x̄−xi−k)Pi,k−1− (x̄−xi)Pi−1,k−1

xi−xi−k

= Pi,k−1+
x̄−xi

x̄−xi−k
[Pi,k−1−Pi−1,k−1]

= Pi,k−1+
Pi,k−1−Pi−1,k−1

x̄−xi−k

x̄−xi
−1

#$!���
#$!���

��



� ����

k = 0 1 2 3 4 5 6 7
x̄−x0 P00

P11

x̄−x1 P10 P22

P21 P33

x̄−x2 P20 P32 P44

P31 P43 P55

x̄−x3 P30 P42 P54 P66

P41 P53 P65 P77

x̄−x4 P40 P52 P64 P76

P51 P63 P75

x̄−x5 P50 P62 P74

P61 P73

x̄−x6 P60 P72

P61

x̄−x7 P70

��



� ����

� ���� 
� ��� �����������
���� 
�� ��� �� ���� �� ����

Input � � ��� �� x̄,� ���	
��� ��
 x0, . . . ,xn �
� ��� � ��� 	��
�
��
 a0, . . . ,an ��
 ����	
 
 �� �
 �
���� ������

� ����

�� 

Output � �
���� ������

� ��� �
 ��� � ��� �� x̄ �

P = an���
i = n−1  � 0 �  #
 −1 !�

P = ai +(x̄−xi) ·P#$!���
���� �
�� n � � ���� �������
 �
 �
� 2n

�������
 �
 �

��



�����
�

k = 0 1 2 3 4

x0 f0 = f [x0]
f [x0,x1]

x1 f1 = f [x1] f [x0,x1,x2]
f [x1,x2] f [x0,x1,x2,x3]

x2 f2 = f [x2] f [x1,x2,x3] f [x0,x1,x2,x3,x4]
f [x2,x3] f [x1,x2,x3,x4]

x3 f3 = f [x3] f [x2,x3,x4]
f [x3,x4]

x4 f4 = f [x4]

�
�



�����
�

�
�



�����
�

�
�

�
�



�����
�

�

�
�



���
���

�

��



������
�

�
�



���
���

�

�
�



� ������

������� ���
�� ����

Input � � ��� �� x̄ �
� � ���	� �
� �� (x0,f0), . . . ,(xn,fn) �
Outut � ���� ��
 �� �
���� ������
��
 �����
���
 ��
� ���

�
 ��� � ��� �� x̄ ����

i = 1  � n !�
Ti0 = fi#$!���

���
k = 1  � i !�

Tik = Ti,k−1+
Ti,k−1−Ti−1,k−1

x̄−xi−k
x̄−xi

[

1−
Ti,k−1−Ti−1,k−1
Ti,k−1−Ti−1,k−2

]

−1

#$!���

��



� ������

j = 0 1 2 3 4 5
f0 = T00

0 = T0,−1 T11

f1 = T10 T22

0 = T1,−1 T21 T33

f2 = T20 T32 T44

0 = T2,−1 T31 T43 T55

f3 = T30 T42 T54

0 = T3,−1 T41 T53

f4 = T40 T52

0 = T4,−1 T51

f5 = T50

��



� ������

� ���� 
� ��� � ���� ����� ��
����

Input � � ��� �� x̄ �
� � ���	� �
� �� (x0,f0), . . . ,(xn,fn) �
Outut � ���� ��
 � ����
 ��� ��


Φ(x) = a0+x−x0

�
a1+x−x1

�
a2+ · · ·+x−xn−1

�
an

�
 ��� � ��� �� x̄ �
Φ = an���

i = n−1  � 0 �  #
 −1 !�
Φ = ai +(x̄−xi)/Φ#$!���

���� �
�� n � ���
��
 �
 �
� 2n
� ������
 �
 �

��



���
��

�
�

�
�



���
��

�
�

�

�
�



���
��

�
�

�
�



�����
�

�
�



� ��� ��

�

� �



�����
�

� � � � � �� � � � � � � 	 
 � � 
 � � � � 	 � � �� � � � � �

n sσ
(n)
i s Rn(f)

1 1 1 2 −h
3

12f ′′(ξ)

2 1 4 1 6 −h
5

90f (4)(ξ)

3 1 3 3 1 8 −3h
5

80 f (4)(ξ)

4 7 32 12 32 7 90 −8h
7

945f
(6)(ξ)

5 19 75 50 50 75 19 288 −275h7

12096f
(6)(ξ)

6 41 216 27 272 27 216 41 840 − 9h
9

1400f
(8)(ξ)

7 751 3577 1323 2989 2989 1323. . . 17280 −8183h9

518400f
(8)(ξ)

8 989 5888 −928 10496 −4540 10496 . . . 28350 −2368h9

467775f
(10)(ξ)

�
�



�����
�

� � � � � � 	 
 � � 
 � � � � 	 � � �� � � � � �

n sσ̄
(n)
i s R̄n(f)

2 1 1 h
3

3 f ′′(ξ)

3 1 1 2 h
3

4 f ′′(ξ)

4 2 −1 2 3 14h5

45 f (4)(ξ)

5 11 1 1 11 24 95h5

144 f (4)(ξ)

6 11 −14 26 −14 11 20 41h7

140 f (6)(ξ)

7 611 −453 562 562 −453 611 1440 5267h7

8640 f (6)(ξ)

8 460 −954 2196 −2459 2196 −954 460 945 3956h9

14175f (8)(ξ)

�
�



��� �
�
�

�
�



� �����

� 
� ���� �� ��� �� ����

[a,b] ω(x) ���� �� � � �� 	
�
 �� 
�
 
� �
 ��

[−1,1] 1 Pn(x), ��� ���� �� �
 
� �
 ��

[−1,1] 1/
√

1−x2 Tn(x), � ��� ��� ������� �
 
� �
 �� � ! ��

[0,∞) e−x Ln(x), �"� # ����� �
 
� �
 ��

(−∞,∞) e−x2
Hn(x), $ �� % &' �� �
 
� �
 ��

��



� ����

�������� ����� 
�� �� �

��� �� � ������� ����
� ��� � {hk } �
� �� ���� ������

�
���� � m ����

k = 0  � m !�
�� �����
 � ��� 	��� �	
��� � Tk0

Tk0 =hk

[

1
2
f(a)+f(a+hk)+ · · ·+f(b−hk)+

1
2
f(b)

]

���
i = 1  � k !�

Tki = Tk,i−1+
Tk,i−1−Tk−1,i−1

(

hk−i

hk

)2

−1

.

#$!���
#$!���

��



� ����

������ 
����� � ��� 
� �� ��� �� ���� 
�� ��

��
 	 �� ��� ��� �� ���

2k sβ
(k)
i s r2k(f ; x̄)

2 −1 0 1 2 −h2

6 f ′′′(ξ)

4 1 −8 0 8 −1 12 h4

30f (5)(ξ)

6 −1 9 −45 0 45 −9 1 60 − h6

140f
(7)(ξ)

��



� ����

������ 
����� � ��� 
� �� ��� �� ���� 
�� ��

��
 	 �� � �� ��� �� ���

2k sγ
(k)
i s r̄2k(f ; x̄)

2 1 −2 1 1 −h2

12f (4)(ξ)

4 −1 16 −30 16 1 12 h4

90f (6)(ξ)

��



� ��� �

��� 
��� ��� �� ��
� 
���
� � ��


���� 
����� � � ��� 
� �� ��� �� �

��� �� � ������� ����
� ��� � {hk } �
� �� ���� ������

�
���� � m ����

k = 0  � m !�

Dk0 =
f(x+hk)−f(x−hk)

2hk���
i = 1  � k !�

Dki = Dk,i−1+
Dk,i−1−Dk−1,i−1

(

hk−i

hk

)2

−1
#$!���

#$!���

��



� ��� �

� ��� �� �� ��
� 
���
� �

� 
 
 �� f ∈ C[a,b]� f(a) < 0 �
� f(b) > 0��� � � ��	 � a0 = a� b0 = b �
� k = 0�� �� � �����
 �

ξ =
ak + bk

2
, η = f(ξ).

�� � ���

η































> 0 setze ak+1 = ak, bk+1 = ξ,

= 0 setze x∗ = ξ, STOPP,

< 0 setze ak+1 = ξ, bk+1 = bk.

�� � � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� ����

� �



� ����

����������������� 
���
� � �� � 
�

� 
 
 �� f ∈ C1[a,b] ��� � ��� �� ��
 x0 �
� 
��	 � k = 0�� �� � �����
 �

xk+1 = xk−
f(xk)

f ′(xk)
.

�� � � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� ����

����������������� 
���
� � � � � 
�

� 
 
 �� f ∈ C2[a,b] ��� � ��� �� ��
 x0 �
� 
��	 � k = 0�� �� � �����
 �

xk+1 = xk−
f ′(xk)±

√

(f ′(xk))
2
−2f(xk)f ′′(xk)

f ′′(xk)
.

�� � � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� ����

�

��



� ����

��� ��� �� �� � �

� 
 
 �� f ∈ C[a,b]� f(a) < 0 �
� f(b) > 0��� � � ��	 � a0 = a� b0 = b �
� k = 0�� �� � �����
 �

ξ =
akf(bk)− bkf(ak)

f(bk)−f(ak)

= ak−
bk−ak

f(bk)−f(ak)
f(ak),

η = f(ξ).

�� � ���

η







> 0 ak+1 = ak, bk+1 = ξ,
= 0 x∗ = ξ, STOPP,
< 0 ak+1 = ξ, bk+1 = bk.

�� � � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� ����

��



� ����

��� ��� �� �� � �

� 
 
 �� f ∈ C[a,b]� f(a) < 0 �
� f(b) > 0��� � � ��	 � x0 = a� x1 = b �
� k = 1�� �� � �����
 �

xk+1 = xk−
x0−xk

f(x0)−f(xk)
f(xk).

�� � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� ����

��



� �����

��� ��� �� �� � � �	� 
 �� ����� �
� 
���
� �

� 
 
 �� f ∈ C[a,b] ��� � ��� �� x0 ∈ [a,b] �
� x1 ∈ [a,b] �
� 
��	 � k = 1�� �� � �����
 �

xk+1 = xk−
xk−1−xk

f(xk−1)−f(xk)
f(xk).

�� � � ��	 � k = k +1 �
� � �� � 	� � ������ � � �

��



� �����

��



� ������

�

�

� �



� ������

�� �
�	
� 
���
� �

��� ��
 � ��
� ���
 f 
 �� ����� Φ ��
 ��������

���� ����

	�� �� � �
��� ��
 ��
���� �
� � �� ��
 �� � �
���� �
	 ���
�
�
p > 1 � �� ���
 �
��������
 
�� [a,b] ��
 �
������ � � �� f(a)f(b) < 0�
� �� ��
� ���
 f ��� � � �� �� �� �����

��	�
� �
 ��
 ����� Φ
� �� ���
 �
 ��������

���� ����

 ��

�
�

�� �
�

� 
 �� f(a) < 0 �
� f(b) > 0��� � � ��	 �

a0 = a, b0 = b, x0 = a, k = 0.

� �� � �����
 � µ = Φ(xk) ��� � ��

 µ /∈ [ak, bk]� 
� � �� � 	� �� ��� � � �����
 � η = f(µ) � ��



η







> 0, d = µ−ak,
= 0, x∗ = µ, � 	���,
< 0, d = bk−µ.

�� � ��

 d <
= (bk−ak)/2� 
� � �� � 	� �� �

��



� ������

�� � � ��	 � µ = (ak + bk)/2 �
� ������
 � η = f(µ) ��� � ��



η







> 0, ak+1 = ak, bk+1 = xk+1 = µ,
= 0, x∗ = µ, � 	���,
< 0, ak+1 = xk+1 = µ, bk+1 = bk.

�� � � ��	 � k = k +1 �
� � �� � 	� � � �

��


